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ABSTRACT

A 3-fold Pfister form is associated to every involution of the second kind
on a central simple algebra of degree 3. This quadratic form is associ-
ated to the restriction of the reduced trace quadratic form to the space
of symmetric elements; it is shown to classify involutions up to conjuga-
tion. Subfields with dihedral Galois group in central simple algebras of
arbitrary odd degree with involution of the second kind are investigated.
A complete set of cohomological invariants for algebras of degree 3 with

involution of the second kind is given.

1. Introduction

Let B be a central simple algebra over a field K with an involution o of the second
kind and let F' be the fixed subfield of K. Let Trd be the reduced trace and Nrd
the reduced norm of B. The restriction Q, of the trace form Q: (z,y) — Trd(zy)
to the F-space (B, o)+ of symmetric elements of B is a quadratic form with values
in F. It is an invariant of ¢ and the aim of this paper is to study this invariant.
We first describe the general form of @, for algebras of arbitrary odd degree and
then restrict our attention to central simple algebras of degree 3.

Consider a cubic étale F-subalgebra L C (B, o). The restriction of the trace

form to L is nonsingular, hence we have an orthogonal decomposition:
(B,o)y =L LV.

We give an explicit description of the restriction of the form @, to V, using
a special case of a construction introduced by T. Springer {19], in connection
with exceptional Jordan algebras, and generalized by Petersson-Racine [11] to
algebras of degree 3. Our next goal is to show that the trace form Q, determines
the involution up to isomorphism. As a consequence we get a parametrization of
all involutions of the second kind on a central simple algebra of degree 3 which
leave elementwise invariant a given cubic separable subalgebra. We also associate
a 3-fold Pfister form 7(B, o) to Q,, which determines ¢ up to isomorphism,
and characterize the class of involutions for which this 3-fold Pfister form is
hyperbolic. The existence of such involutions, which we call distinguished, follows
from Springer’s construction, but is also related to a crossed product construction
given by A. A. Albert [2]. A distinguished involution is characterized by the fact
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that the space (B, o). contains up to isomorphism every cubic étale F-subalgebra
of B.

In the last section, we use Galois cohomology and symbols to analyze étale
subalgebras of dihedral central simple algebras. As applications, we get on one
hand different proofs of previous results of the paper and, on the other hand, we
show that a dihedral algebra of degree 2n, n odd, is cyclic if a quadratic extension
of F contains a primitive n*P-root of 1 (see Corollary 30 for the precise statement).

This is due to L. Rowen and D. Saltman [15] if F' contains a primitive nth

-root
of 1. As a last application, we give a complete set of cohomological invariants for

algebras of degree three with involution of the second kind.

ACKNOWLEDGEMENT: The second author is indebted to H. P. Petersson for

useful comments on the subject.

2. Some general results

Throughout the paper, B denotes a central simple algebra over a field K of
characteristic different from 2 and o denotes an involution of the second kind on
B, i.e. a map o: B — B such that

ozt+y)=0@) toly), oy =0@)oz), o*z)=2

for all z,y € B, and ok # Ix. We let F denote the subfield of K elementwise
invariant under o and denote by —: K — K the restriction of o to K.

Under a scalar extension of F', the field K — hence also the algebra B — may
split into a direct product of two factors. Therefore, we shall also allow K to be
a split quadratic étale F-algebra:

K=FxF.

In that case, B = A x A’ for some central simple F-algebras A, A’ which are ex-
changed under the involution o. Therefore, there is an isomorphism of K-algebras

with involution (i.e. an isomorphism which commutes with the involutions):
(B,0) ~ (A x A°P )

where A°P is the opposite algebra of A and s is the switch involution:

s(ay, as?) 5.

= (az,0,
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Abusing the terminology, we shall also consider (B, ) as a central simple algebra
with involution in this case. (It is indeed simple as an algebra-with-involution:
see Jacobson’s definition in [8, p. 208].)

We let a € F* be such that K = F(y/a) = F[X]/(X?% - a). In particular, we
have o € F** it K = F x F.

Let (B, o)+ denote the F-vector space of o-symmetric elements:
(B,o)4+ = {be B:a(b) = b}.
We denote by @, the restriction to (B, o), of the reduced trace quadratic form:
Qo(zx) = Trdg(z?)  forz € (B,0)4.

For any u € (B,0)+ N B*, ¢’ = Int(u) o ¢ is again an involution of the second
kind of B and conversely, if 0,0’ are involutions of the second kind of B, there
exists u € (B, )+ N B* such that ¢’ = Int(u) o 0. Let (u)p be the B-hermitian
form on B (as a right B-module) given by

() B(z,y) = o (z)uy,

for u € (B,0)+ N B* and z,y € B. A right B-module automorphism r,:  —
vr,v € BX, of B is an isometry (u1)p = (u2)p if o(v)ugv = w; and is a

similarity if there is A € F* such that Ao (v)usv = u;.

LEMMA 1: Let uy,us € (B,0)4+ N B* and let o; = Int(u;) o 0. Then
(1) An isomorphism (B, 01) = (B, 02) induces an isometry Q,, — Qg,.
(2) (B,o1) and (B, 03;) are isomorphic (as K-algebras with involution) if and
only if the hermitian spaces {u1)p and (uz)p are similar.

Proof: (1) If Int(v): (B,01) = (B, 049) is an isomorphism, then Int(v)[(B, 1))
= (B, 02)+ and

Qo, (vzv™t vyv™h) = Trdp (vayv™") = Qoy (2, y)

for z,y € (B,0)+.

(2) The automorphism Int(v) of B is an isomorphism (B,a1) — (B, 03), if and
only if oa(vzv=!) = voy(z)v™! for all z € B, if and only if uz = Avuyo(v) for
some A € F'*, hence {u1) g and (u2) g are similar. Conversely, any such similitude
induces an isomorphism (B, ;) = (B, 03). 1
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Let B = M,(K) be split and let 7(z;;) = (Zi;), where t is transpose and
z +— T is conjugation on K. Any u € (M,(K), )4+ is a hermitian matrix, hence
there is v € GL,(K) such that o(v)uv = a = diag(ay,...,a,), a; € F*. Thus
any involution of M,,(K) of the second kind is isomorphic to an involution of the
form ¢ = Int(a) o 7 with a = diag(a,...,an),a; € F*.

Let h, = {a1,...,a,)kx be the hermitian form on K™ determined by
diag(ay, -+, an), ie. he(z,y) = Y. Tiouy; = Tlay, z,y € K™. Any isometry
he = hqr of the K-space K™ can be viewed as an isometry (a)m, (k) Bt (a’)m, (k)
of the M,,(K)-space M, (K).

For ai,...,a, € FX, we denote by {ay,...,a,) the quadratic form on F™
determined by diag(ay, ..., an), and by {aq,...,a,)) the n-fold Pfister form:

(o1, .. .,on) = (1, —as) - -« - {1, —an).
The next proposition follows by straightforward computation.

ProposITION 2: Let K = F(\/a). For a = diag(ay,...,a,) € M,(K) and
o = Int(a) o T we have

Qo =n(l) L (2) - (o)) - (Licicicn (0uicy)).

In order to get a similar result for arbitrary central simple algebras of odd
degree, we first prove:

LEMMA 3: Let L/F be a field extension of odd degree and let q be a quadratic
form over F. Let also qr, denote the quadratic form over L derived from q by
extending scalars to L, and let « € FX ~ FX?. If gr. ~ {a)) - h for some quadratic
form h over L, of determinant 1, then there is a quadratic form t of determinant 1
over F' such that

q = {a) -t

Proof: Let K = F(y/o) and E = L- K = L(y/a). Let also g, denote an
anisotropic form over F' which is Witt-equivalent to ¢. The form (g.,) g is Witt-
equivalent to the form ({{a))- h) g, hence it is hyperbolic. Since the field extension
E/K has odd degree, Springer’s theorem on the behaviour of quadratic forms
under field extensions of odd degree (16, Theorem 2.5.3] shows that (ga.)x is
hyperbolic, hence, by {16, Remark 2.5.11],

Jan = ((Ot» o
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for some quadratic form ¢y over F. Let dimq = 2d, so that dim#A = d, and let w
denote the Witt index of ¢, so that

1) g ~wH 1 {a)) - to,
where H is the hyperbolic plane. We then have dim¢y = d — w, hence
detqg = (~1)* (—a)®v . F** e F* JF*?,
On the other hand, the relation ¢, ~ ((a)) - h yields:
detqy = () L% € L* /<7

Therefore, a® € F* becomes a square in Lj; since the degree of L/F is odd, this
implies that a* € F X2, hence w is even. Letting t; = $H L ¢y, we then derive
from (1): Co

g~ {a) ;.
It remains to prove that we may modify ¢; so as to satisfy the determinant
condition. Since dimt; = d, we have modulo the square I*F of the fundamental
ideal of the Witt ring of F:

t = ((=1)%4=1/2 det t,)) if d is even,
Tl ((-1)%€4-1D/2dett)) if d is odd.

We may use these relations to compute the Clifford algebra of ¢ ~ (o)) - t; (up
to Brauer-equivalence): in both cases we get the same quaternion algebra:

C(q) ~ (a, (~1)*4 "D/ 2 det t)) .
On the other hand, since det h = 1 we derive from g ~ {a)) - h:
Clar) ~ (o (~=1)* V7).

Therefore, the quaternion algebra (a,dett;)p is split, since it splits over the
extension L/F of odd degree. Therefore, if § € F* is a representative of dett; €
FX/F*2 we have

5 € ngyp(K).

Let 8 € F* be a represented value of ¢1, so that

t1 >ty L (B)
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for some quadratic form ¢, over F', and let
t=1ty L (60).

Then
dett =6-detty = 1.

On the other hand, since § is a norm from the extension K/F we have

{a)) - (68) = (a) - (B),

hence

PROPOSITION 4: Let B be a central simple K -algebra of odd degreen = 2m—1
with an involution o of the second kind. There is a quadratic form g, of dimension

n(n — 1)/2 and determinant 1 over F such that

Qo =n(l) L (2)- (o) - g0
Proof: Suppose first K = F x F. We may then assume (B,0) = (A x AP, s),

where s is the switch involution. In that case
(B,o); = {(a,aP): a € A} =~ A,

and @, is isometric to the reduced trace quadratic form on A. Since o € F* 2, we
have to show that this quadratic form is Witt-equivalent to n(1). By Springer’s
theorem, it suffices to prove this relation over an odd-degree field extension. Since
the degree of A is odd, we may therefore assume A is split: A = M,(F). In that
case, the relation is easy to check. (Observe that the upper-triangular matrices
with zero diagonal form a totally isotropic subspace.)

For the rest of the proof, we may thus assume K is a field. Let D be a division
K-algebra Brauer-equivalent to B and let 7: D — D be an involution of the
second kind on D. Let also L be a field contained in (D, 7); and maximal for
this property. The field E = L - K is then a maximal subfield of D, otherwise
the centralizer Cp E contains a symmetric element outside F, contradicting the
maximality of L. We have [L : F] = [E : K| = deg D, hence the degree of L/F
is odd, since D is Brauer-equivalent to the algebra B of odd degree. Moreover,
the algebra

B®rL=B®kFE
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splits, since E is a maximal subfield of D. By Proposition 2 the quadratic form
[Qos]1 obtained from @, by scalar extension to L has the form

(2) [Qolr ~n (1) L(2)-{a)-h

where h =1i<icj<n {(o;a;) for some ag,...,an € L*. Therefore, the Witt index
of the form [Q,]r L n(—1) is at least n:

w((Qolz L n(~1)) > n.

By Springer’s theorem the Witt index of a form does not change under an odd-

degree scalar extension. Therefore,
w(Qo Ln(-1)) 2n,
and it follows that @, contains a subform isometric to n (1). Let
Qs ~n(l) Lg

for some quadratic form g over F. Relation (2) shows that

Since det h = 1, we may apply Lemma 3 to the quadratic form (2) - ¢ and get a
quadratic form g, over F, of determinant 1, such that

R ERCYREER

hence

Qo xn(l) L (2)- () o.M

We conclude with a result which will be used in the next section for algebras

of degree 3.

LEMMA 5: Let L C (B,o)s be étale of dimension n over F and let R =
L®r L ®p K. Then B is a free R-module of rank one via left and right
multiplication; the action is equivariant with respect to the involution ¢ on B
and the action o: R — R given by c(A®@ u® z) = p ® A® Z. In particular we
have an induced action of R on (B,o).
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Proof: We may assume that F' is separably closed, that
B =M, (F) x M, (F)°P,
o is the switch involution, and
L = {(d,dP): d is diagonal}.
Let L' be the set of diagonal matrices in M,,(F). We have
M, (F)=L'&zL'®---®z" 'L,

with z a permutation matrix of order n. In this case { = 1+z---+ 2" 1 is a
free generator of M,,(F) as a L’ ® L'-module. Thus (¢, £9P) is a free generator of
B as L ® L-module. The last claim follows by a direct verification. |

3. A construction of Springer

In this section, we restrict attention to central simple algebras of degree 3 over
a field of characteristic different from 2,3. We use the same notation as in the
preceding section; in particular, we denote by B a central simple K-algebra with
involution o of the second kind. Consider a cubic étale F-subalgebra L C (B, o)
and denote by t7,p: L —= F and np p: L — F the trace, resp. the norm of L.
The restriction of the trace form to L is nonsingular, hence we have an orthogonal
decomposition:
(B,o)+ =L L V.

Forv eV let
N(v) = 1 Trdg(v?) — pr(v?) € L,

where pr: (B,0)y — L denotes the orthogonal projection. We define an L-
action on V such that (V,N) is a nonsingular quadratic space of rank 2 over
L. We give two descriptions of the action of L on V. The first was introduced
by T. Springer [19] in connection with exceptional Jordan algebras and general-
ized by Petersson—Racine [11] to Jordan algebras of degree 3. The second uses
Lemma 5 and is specific to central simple algebras of degree 3.

LEMMA 6 (Springer’s Construction): The space V is a free L-module of rank 2
through the operation

(lv) = Lov=tpp(flv—Ltv—vleV
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and N: V — L is a nonsingular quadratic form for this structure. Moreover,
forallveV,

Qo(v) =2t/ p(N(v)).
Ifv € V is invertible in B, then

TrdB(v_lé) = —NrdB(v)_ltL/F(N(v)é)
forall £ € L.

Proof: Extending scalars from F to an algebraic closure, we may assume
that B is of the form M3(F) x M3(F)°P, o is the switch involution, and L =
{(d, d°P): d is diagonal}. In this case the lemma follows by explicit computation.
|

We now describe the second construction: Let D = F(v/6) be the discriminant
algebra of L, i.e. § is the determinant of the trace form t;/r(2?) = Qq|(z).

There exists a decomposition
(3) L®pL=LxL&pD,

such that the twist ¢ of L ® g L restricts on D to a — a. Note that there are
three natural imbeddings L —~ L®F D. Two of them are given by A — pr(A®1)
and A — pr(1 ® X), respectively (pr is the projection L ® p L — L @p D) and
L —+ L®r D, A\ — A®1, is the third one, which is o-invariant. We have an

induced decomposition
(4) R=LqrLr K=Lr K xL®r D ®r K.

The o-action on R (see Lemma. 5) restricts on LO®r D®r K to A®d®a — A®d®a,
so the fixed subalgebra is
R°=LxL®pH,

where H = F(Vas$).

LEMMA 7: The decomposition of the R-module B induced by the decomposition

(4) reduces to the decomposition
B=LerK 1lVerK

over K. In particular R = Lx L®p H actson (B,o); = L 1L V componentwise
and V is a free L ® H-module of rank one. Moreover, the action given by the
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restriction L C L ® H coincides with the Springer action, hence N: V — L
is a nonsingular quadratic form on the free L-module V of rank 2. We have
N(hv) = ny/p(h)N(v) for h € H, so that N extends to a hermitian form on the
L ®p H-space V of rank one.

Proof: As for Lemma 6 it suffices to check the split case, where the claims follow

by explicit computations. |

Let, as above, § denote the discriminant of L. We recall that § € F x2 if and
only if L is cyclic and that

Qolr = (1,2,26);
this is easy to check if L is not a field, since then L = F x F(/§). The general

case follows by extending scalars from F to L and applying Springer’s theorem.
Combining this result with Lemma 6, we get

(5) ch = <1»2a26> 1 <2>‘tL/F(N)’
where £,/ r(N) denotes the Scharlau transfer of N.

PROPOSITION 8: Let K = F(\/a). The following conditions are equivalent:
(a) N is hyperbolic.
(b) 6 =a in F*/F**,
(c) LK is a cyclic extension of K and is Galois with Galois group Sz over F.
Moreover, if these conditions hold, then B is a crossed product:

B=LK®LKz® LK2?

for some x such that 3 € F and o(x) = .

Proof: (a)e(b): follows immediately from Lemma 7. Alternatively, if we only
want to use Springer’s Construction (Lemma 6), we get (a)=(b) as follows: If N
is hyperbolic, equation (5) yields:

det Q, = —6.

On the other hand, Proposition 4 shows that detQ, = —a. Therefore, (b)
follows.

(b)=(c): If § = v, then the discriminant of L becomes a square in K, hence
LK/K is cyclic. Let p denote a generator of the Galois group Gal(LK/K). The

restriction of o to LK is an automorphism of order 2 of LK over F, hence ok
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and p generate a group of automorphisms of order at least 6 of LK /K which
shows that LK/F is Galois.

If a # 1, then L/F is not cyclic, hence the group generated by p and o|pk is
not cyclic. It is therefore isomorphic to Ss.

If « =6 =1, then B~ A x A°P and ¢ is isomorphic to the switch involution.
Moreover, LK ~ Lg x LOOp for some cyclic extension Lo/F. If ~ is a generator of
the Galois group Gal(Lo/F'), then we choose for p the automorphism of L given
by:

p(e1, 657) = (1(01),7*(€2)°P).
Thus, ¢ and p do not commute; they generate a group isomorphic to Ss.

Our next goal is to show that B contains an invertible element x such that
o(z) =z and z£ = p(£)x for all £ € LK. These relations imply that z* centralizes

LK, is o-symmetric and commutes with z, hence 2> € F. Let
S={z € (B,o);: zl = p(l)x for all { € LK};

this is a vector space over F' in which the invertible elements form a Zariski open
set. In order to prove that this set is non-empty, we may extend scalars from F

to an algebraic closure, and assume
B = M3(F) x M3(F)°P,
o is the switch involution, and
L = {(d,d°P): d is diagonal}.

We may further assume that p maps

d ( d, P
dy , d,
ds d.
to
ds ( d, op
dl ) dg s
dy d,
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proving the claim. It follows that B is a crossed product, as required.

(c)=>(a): For every element z as above, we have z,z? € V (as is easily seen by
scalar extension to an algebraic closure of F), hence N(z) = 0, proving that N
is isotropic, hence hyperbolic since its dimension over L is 2. 1

Remark: Proposition 8 can also be deduced from the Corollary of [12,
Theorem 1] in relation with [11, Proposition 2.2].

In order to give an explicit description of the form N for general L, we need

the following lemmas:

LEMMA 9: Let py: (B,0); — V denote the orthogonal projection. For all
v eV,

npr(N(pv(v?))) = np/p(N(v))?

Proof: The lemma follows by explicit computation after extending scalars from
F to an algebraic closure. |

LEMMA 10: For any A € L™ such that ny p(\) € FXQ, the quadratic form
(o) - [tr/r((N) L (=1)]
is hyperbolic.

Proof: By Springer’s theorem, it suffices to prove that the quadratic form above
is hyperbolic after extending scalars from F to L. We may thus assume L = Fx F'
where F' = F(v/6). Let A = (Ao, A;) with A\g € F and \; € F'; then

(6) tL/r({A) = Qo) L tp r({A1))-

By [16, p. 50], the image of the transfer map from the Witt ring WF' to WF is
killed by ((é)), hence

(7) () -tpp({A1)) =0 inWF.
On the other hand,

np/p(A) = Xonpr(A) € Fx2
hence Ag is a norm from F’ to F, and therefore
(8) (6) - (Ao, -1)=0 in WF.

The lemma follows from (7) and (8), in view of the decomposition (6). |
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ProposITION 11: The quadratic form N has a diagonalization

(o)) - ()
for some A € L* such that ny/p(X) € Fx?, Consequently,
Qo =(1,2,26) L (2) - {ad)) - tL/r((N)
=(L,1,1) L (26) - {a)) - tL/r((A))
for some A € L* such that ny p()) € Fx?,

Proof: Let v € V be such that N(v) is invertible in L. Lemma 9 shows that
N(pv(v?)) also is invertible. The element py (v?) is a basis of V as a L ® H-
module, so that by Lemma 7, letting A = N(py (v?)), we get

N = (ad)) - ()

as wanted. Alternatively, without using Lemma 7, and letting A = N(py (v?)) as
above, we have
N={\X)

for some X' € L, and np;p(A) = np,p(N(@))* € FXZ, by Lemma 9. On the

other hand, Proposition 8 shows that N becomes hyperbolic over L{+v/ aé)z S0

det N = —aé, and therefore '
N = {ab)) - (A).

The first formula for @, then follows from (5) by Frobenius reciprocity. Since
(b)) = (a)) - (6) + {6)  in WF,

the following relation in W F follows:

Qo = (1,2,26) + (26) - {a)) - tL/p((A) +(2) - (6} -t/ ((A)).

Lemma, 10 shows that the last term on the right-hand side is equal to (2) - (6)).
Since
(26) + (2) - (0)) = (2) and (1,2,2) = (1,1,1),
we get
Qo =(1,1,1) + (26) - (e - tr/r((A))  m WF.
Since both sides have the same dimension, these two quadratic forms are

isometric, proving the second formula for Q,. 1
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COROLLARY 12: The form q, defined in Proposition 4 may be chosen as

o = (6) - tr/r((A))
for some A € L* such that np;p()) € Fx2

Proof:  According to [16, p. 51], we have
det(tL/r((\)) =6énr/r(A). B

So far, the involution ¢ has been fixed, as well as the étale subalgebra L C
(B,0)+. In the last proposition, we compare the quadratic forms @, and Q,
associated to two involutions of the second kind which leave L elementwise
invariant. We denote by

g L—L

the quadratic map such that £g(¢) = np,p(¢) for all £ € L.

PRrROPOSITION 13: Let 0,0’ be two involutions on B such that o|p = o'|p = Iy:
o =Int(z) oo

for some z € L*. If A € L* is such that

Qs = <17 2, 26) L (2> ' <<a5>> 'tL/F(<)‘>),
then
Qor = (1,2,26) L (2) - (b)) - tL/r({g(2)A)).
Proof: 'The map b +— zb is an isomorphism (B, )4 — (B, ¢’); which maps L

to L; therefore, it also maps the orthogonal V' of L in (B, )4 to the orthogonal
V' of L in (B,0');. Let N': V! — L denote the quadratic form

N'(v') = 1 Trd(v'2) - pj(v'2)  for v € V",

where p’: (B,0')y — L denotes the orthogonal projection. An explicit compu-
tation, after extending scalars to an algebraic closure of F, shows that

N'(zv) = q(2)N(v)  forallve V.

Therefore, multiplication by z defines a similarity N = N’ with similarity factor
9(z). @

Proposition 13 leads to the following converse of Proposition 11:
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COROLLARY 14: Let L be an arbitrary cubic étale F-subalgebra in B. For
every A € L such that np,p()) € sz, there is an involution o on B leaving L
elementwise invariant such that

Qo = (1,2,28) L (2) - {ad)) - tr/r({N))
=(1,1,1) L (26) - {a)) - tr;r((N)).
Proof: By a theorem of Albert [1, p. 157], there is an involution 7 leaving L

elementwise invariant. Let

Qr = (1,2,26) L (2) - {ad)) - tr/r((1))

for some p € L* such that ny/p(p) € F*2 If A € L™ is such that ny/r()) €
F*? let £ € F* be such that

npp(Aut) =&
Since np;p(Ap™t) = Au~tq(Au1), the preceding equality yields:
At =A™ = q(6A ).

Therefore, the preceding proposition shows that o = Int(¢éA~!u) o 7 satisfies the

required properties. n

4. A classification of involutions in degree 3

In this section we continue to assume that B has degree 3 and that F has
characteristic different from 2,3. By Proposition 4, the trace form of any

involution o of the second kind has the form

Qo = <1v L, 1) L <2> ’ «a» ' <'_b’ -6 bC)

where K = F(y/a) and b,c € F. Our goal is to show that the 3-fold Pfister form
{a, b,c)) determines the involution ¢ up to isomorphism and to characterize the
involutions for which this 3-fold Pfister form is hyperbolic.

For any Pfister form (a1, ...,a,), we let {a1,...,a. ) = (1)%, so that

(b, )t = (~b, —c, be).
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THEOREM 15: Let 0,0’ be involutions of the second kind on a central simple
K-algebra B of degree 3. Let

Qo =(1,1,1) L (2)- {a)) - (b, c)*

and
Qa’ = (17 1, 1) 1 (2> : «Oz» : «b,’c/»ﬁ‘

The following conditions are equivalent:
(a) The involutions o and ¢’ are isomorphic.
(b) The quadratic forms Q, and Q. are isometric.
(c) The quadratic forms {a)) - {b,c)* and (a)) - (', 'Y are isometric.
(d) Either K = F x F or the K-hermitian forms (—b,—c,bc)x and
(=b,—c,b'c)k are isometric.

(e) The quadratic forms ((a,b,c)) and {(a,b', ') are isometric.

Proof: (a)=(b) is already in Lemma 1, and (b) <= (c¢) <= (e) follows by Witt
cancellation. Moreover, (c)=-(d) is a theorem of Jacobson [7] if K is a field, and is
clear if K = F'x F. We finally check that (d)=>(a). If K = F x F, all involutions
on B ~ A x A°P are isomorphic to the switch involution, so (a) holds trivially.
Thus we are reduced to the case K a field. Assume next that B = M3(K) is
split. Up to automorphisms of (B, o), resp. (B, d’), we have o = Int(a) o 7, resp.
o' = Int(a’) o 7 with a = diag(a;, az, a3) and o’ = diag(a), a,a}). We may

assume that ayazas = 1 = ojabas. By Proposition 2, we have

Qo ~(1,1,1) L (2)- (@) - (203", 0307 ", 105 ")

and
Qo = (LL,1) L (2)- a) - (b’ aha ™ o™,
Thus
(azazt, azon ™!, ara ™ )k = (bl ™, apa T afal Tk
Since

(nazas) - (aza5t, asart, ara5 )k ~ (a1, @, a3)k,
we get isometries by = har oF (@) My (k) = (0')My (k) and (M3(K), o) is isomorphic
to M3(K), o) by Lemma 1.
If B is not split and if ¢’ = Int(u) o o, we have to check by Lemma 1 that the
hermitian spaces (u)p and (1)p are similar. Replacing u by u- Nrd(u), we may
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assume that Nrd(u) € F*? Let L = F(z) with z € (B,0)4,z € F, so that L
is a field extension of F' of degree 3. The algebra B ®p L is split over K ® p L*
and there is v/ € GL3(K ®F L) such that

u®1l=MX(c®l){v).
Thus, denoting by —: K — K the non-trivial automorphism of K/F,
Nrd(u ® 1) = A* Nrd(v')Nrd(v') = p?
with p € F, since Nrd(u) € F x2 and we can write
A= (pA7 Nrd(v') ) (pA~I Ned (v) 1) = vw.

It follows that u ® 1 = v(o ® 1)(v) with v = v/, so (u)pgr ~ (1)BgL. By the
Bayer-Lenstra [4] generalization of Springer’s theorem to hermitian spaces, we
have (u)p ~ (1)p and, by Lemma 1, (B, o) ~ (B, d’). |

In view of the equivalence (a) <= (e) in Theorem 15, the Pfister form {{a, b, c))
classifies involutions ¢ on B. We denote it by n(B,o). Note that 7(B,0) is
isometric to the norm of the octonion algebra OctA associated in [14] to any
simple Jordan algebra A of degree 3 and dimension 9, if A = (B,0)4. Let

(B,0)% = {z € (B,0)4: Trd(z) =0} =1+ C (B,0)4.
Since Q,(1) = 3, the restriction Q9 of Q, to (B, )3 is given by
Q5 ~ (2,6) L (2) - () - (b, e)* = (2) - ((1,3) L (a)) - (b, ch?).
In the Witt ring W', we have
() - (b, N = (b, ) = (a;
therefore,
Qs =(2)- (3,0 + (a,b,c))) inWF.
Comparing dimensions on both sides, we see that the Witt indices of both sides
are related by:
9) w(Q5) = w((3,a) L {a,b,c)) — 1.
Isotropic elements of Q2 are elements u € (B, o)+ such that Trd(u) = Trd(u?) =
0. Since the reduced characteristic polynomial of any a € B has the form

X3 — Trd(a)X? + 1 [Trd(a)? — Trd(a?)] X — Nrd(a) - 1,

it follows that v is isotropic if and only if u® = Nrd(u) € F.
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THEOREM 16: The following conditions are equivalent:

(a) 7(B,o) is hyperbolic;

(b) Either K = F x F or (b, —c¢,bc)g ~ (1, -1, -1)k;

(c) w(Q3) 22;

(¢') (B, o)y contains a subspace U of dimension 2 whose elements satisfy: u® =
Nrd(u);

(d) w(Q3) >3;

(d') (B, o), contains a subspace U of dimension 3 whose elements satisfy: u® =
Nrd(u);

(e) (B,0)4+ contains an étale cubic F-algebra L of discriminant c.

(f) B is a crossed product:
B=M&Mz®dM2?

where M (O K) is a Galois extension of F with Galois group S3, the

involution o preserves M and leaves x invariant.

Proof: (a)=(b) is a straightforward consequence of Theorem 15, and (c) <
(¢'), (d) <= (d’) follow from the preceding observations on isotropic elements
in Q2. Moreover, (a)=-(d) follows from (9), (¢) <= (f) from Proposition 8, and
(d)=(c) is clear. We now show (c)=>(a): if the Witt index of QS is at least 2,
then (9) shows that (3,a) L {a, b, c)) contains isotropic subspaces of dimension 3.
Therefore, {a,b,c)) is isotropic, hence hyperbolic, proving (a). Assuming (e),
the formula for Q. in Proposition 11 shows that w(Q2) > 3, hence (e)=(d). To
complete the proof, we show (c’)=>(e), using results from [6]. We first consider
the easy special case where B is not a division algebra. If « = 1 in F*/ Fx"z,

then we may assume

B=Ax A%

for some central simple F-algebra A of degree 3, and ¢ is the switch involution.
A theorem of Wedderburn 1] shows that A contains a cyclic extension L of F.
We may then choose

M = {(¢,£°P): ¢ € L}.

If B is split, then since (c’) = (b), it follows that o is the adjoint involution with
respect to an isotropic hermitian form. We may thus assume B = M3(K) and
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1 0 0
oc=Int(u)or, whereu=| 0 0 1 ) We may then choose
0160
f 00
M = 0 £k 0 |:feF kekK
00 k

For the rest of the proof of (¢/) = (e), we now assume that B is a division
algebra. Let U C (B, o)+ be a subspace of dimension 2 such that 3 = Nrd(u)
for all u € U. According to Lemma 2 of [6], one can find a basis (wy,ws) of U
such that

Trd(w] 'w,) = 0.

Following [6], we let
91 = wl_lwz, 02 = wl_lé'lwl, 93 = w1_102w1.

Note 8 = w3 (wiwaw: ), s0 7(f3) = 6. We let also E = K(0;'63) if 0503 ¢ K
and E = K () if 6703 € K. Theorem 3 of [6] shows that E/K is cyclic and
FE/F is Galois with Galois group S3. Moreover, one of the order 2 automorphisms

of E/F is the restriction of the involution
o =Int(6;1) 00

Let L' ¢ E denote the subfield of ¢’-invariant elements. Since L’K = E is
cyclic over K and Galois over F with group Ss, Proposition 8 shows that the
discriminant of L'/ F is a.

Observe now that

62 = wi *wy” (wywi)(wiw),
hence 65! = Avo(v) for A = wiw] and v = wy 'wy?, so that
Int(v): (B,0) = (B, ")

is an isomorphism of algebras with involution. Pulling L' C (B, ¢')4 back gives
the wanted extension L C (B, 7). |

Remark: Theorem 16 gives a positive answer to a question about Tits construc-
tions asked in [14, (2.12)].
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An involution o satisfying the equivalent conditions of Theorem 16 is called
distinguished. By Theorem 15, two distinguished involutions on B are isomor-
phic. The existence of distinguished involutions is clear if B ~ M3(K) is split:
the adjoint involution with respect to any isotropic hermitian form on K3 is dis-
tinguished. If K = F' x F, the switch involution on B ~ A x A°P is distinguished:
in fact we have o = 1, so that {(a)) = (1, ~1) and QS has Witt index at least 3.
The existence in general of distinguished involutions for algebras of degree 3 is

shown next.

PROPOSITION 17: For every cubic étale F-algebra L C B, there is a distin-
guished involution o such that L C (B, 0)+.

Proof: Let Ao € L™ be such that t;,r(Xo) = 0, and let
A= Xo/np r(Ro);

then nr r(A) = np/r(Xo) ™% € F*? and tr/rp(A) = 0. Corollary 14 shows that
there is an involution o on B such that L C (B,o)4 and

Qo =(1,1,1) L (26) - (o) - 1L r((A)),
hence
Q5 = (2)- ((1,3) L (8) - (@) - tr/r{(N))).
Since ty/p(A) = 0, the form t;,;r(())) is isotropic, hence the Witt index of

{a) -tr/rp({A)) is at least 2. Therefore, condition (c) of Theorem 16 holds. |

Alternative proof: Pick an involution ¢ such that L C (B, 0¢)+ and denote by V
the orthogonal of L with respect to Qo,, as in the preceding section. By Zariski
density, we may find an invertible element v € V' such that ny,p(N(v)) # 0,
where N: V — [ is the quadratic form defined in section 3. Lemma 6 shows:

Trd(v™"¢) = — Nrd(v) 't p(N(v))

for all £ € L. Since N(v) is invertible in L, we may, again by Zariski density, find
¢ € L* such that

Trd(v~1¢) = 0.

Following (6, Proposition 1], the vector space

U =v"1LNkerTrd
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is at least 2-dimensional over F and satisfies: u3 = Nrd(u) for all u € U. We
then have v=1¢ € U for £ € L as above. Let

o =Int(£~!) o 0.

Since L C (B, 09)+ and £ € L*, it follows that L C (B,0),. We claim that o is
distinguished. Let y = £~'v € BX, then

yU=¢"1U)c L c(B,o);

and
a(y) = Z_lao(y)f =0t =y,

hence (B, o) contains y2Uy = y(yU)y. Since v=1¢ € U, we have y~! € U, hence
y> = Nrd(y) € F*. For u € U, we have u® = Nrd(u) € F, hence

(vPuy)® = yuy - y?uy - y2uy = y*u®y Nrd(y)?
= Nrd(u) Nrd(y)? = Nrd(y?uy).

Therefore, y?Uy C (B, 7). is a subspace of dimension > 2 whose elements satisfy
z3 = Nrd(z), hence o is distinguished. [ |

A third proof of the existence of distinguished involutions is given in
Proposition 31.

COROLLARY 18: The space (B, o)+ contains an isomorphic copy of every cubic
étale F-subalgebra L of B if and only if o is distinguished.

Proof: Since all the distinguished involutions on a central simple algebra B are
isomorphic, the if direction follows from Proposition 17. Conversely, by Theo-
rem 16, (e), the only involutions which leave elementwise invariant étale cubic

F-subalgebras of discriminant « are the distinguished involutions. |

The fact that the only involutions which leave elementwise invariant étale cubic
F-subalgebras of discriminant a are the distinguished involutions also follows
from the following general result:

PROPOSITION 19: Let ¢ be an involution on B and let L be a cubic étale F-
algebra such that L C (B,c)y. Let § € F* represent the discriminant of L/F.
The Pfister form w(B,o) has a factorization:

7(B,0) = (a)) - ¢
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where ¢ is a 2-fold Pfister form whose pure subform satisfies:

ot =tr,r((6))

for some £ € L* such that
nyr(f) € 6- F*,

In particular,
¢-(6)=0.

Proof: Proposition 11 shows that

Qo =(1,1,1) L (2) - {a)) - tL/F((8X))

where A € L* is such that ny/p(X) € F*2 Letting £ = 6, we get ny/r(f) €
§- F**and ty /F((€)) is a 3-dimensional form of determinant 1. Comparing with
the form of @), in Theorem 15, we obtain:

(B, o) = () - (1) L tr/r((£)))-

The relation ((1) L tz;#({6A))) - {8)) = 0 follows from Lemma 10, using the fact
that (=8) - (6) = (&).  n

The condition ¢ - {6)) = 0 in the proposition above yields some restriction
on the discriminants of cubic F-algebras L which lie in (B,0)y. It does not
yield any information on cyclic extensions however, since in this case {(§)) = 0.
Nevertheless, there are examples where (B, o) does not contain any cyclic cubic
extension of F'. Consider for instance the “symbol algebra” A, (s,t) generated
over the iterated powerseries field C((s))({t)) by two indeterminates i, j subject
to the relations:

=5 PB=t  ji=uwij
where w is a primitive cube root of unity. This algebra carries an involution ¢
extending conjugation on C such that

o(i) =1, o(j) = J.

The subfield of o-invariant elements in the center C((s))((t)) is R((s))((¢)), which
does not have any non-trivial cyclic extension of odd degree. Therefore, the space
of symmetric elements (A, (s,t),0)+ does not contain any cyclic extension of F
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of degree 3. We are indebted to H.P. Petersson (see [13]) for suggesting this
example.

Let L be an arbitrary cubic étale F-subalgebra in B. Let X(B, L) be the
pointed set of isomorphism classes of involutions o of B such that o|;, = I, the
point being given by the class of distinguished involutions.

COROLLARY 20: The map p € L* +— o, where ¢, is the involution determined
up to isomorphism by the trace form

Qo, = (1,1,1) L (26) - {a)) - tr,r({a(m))L),
induces a surjective map of pointed sets
L* /npk L (LKX) - F¥ —%(B, L),
If L/ F is cyclic, the map is well-defined on the set of orbits of the group Gal(L/F)
in L* [npg/ (LK) - F*.

Proof: The proof of Corollary 14 shows that the elements A € L such that
np/r(A) € F*? are exactly the elements of the form ¢(u) for p € L*. Thus, by
Corollary 14, Q,, is the trace form of an involution ¢,,. Elements y, p’ € L* such
that p/ = &npk/(n)p for n € LK™ and £ € F* give isomorphic involutions in
view of Theorem 15 (d), since q(u') = €2 q(n) ¢(ut) ¢(n) implies that the hermitian
forms (q(u)) Lk and {¢(p')) Lk are isomorphic. |

5. Cohomology and symbols

Let F be a field of characteristic different from 2; let F; denote a separable closure
of F and I = Gal(F,/F). For any integer n relatively prime to the characteristic
of F', let

pn={z € Fs: 2" =1}

denote the I'-module of n-th roots of 1. The Kummer exact sequence
1—p, — F "+ FX —1
and Hilbert’s Theorem 90 yield canonical isomorphisms:

HYT, p) = FX/F*™  and  HX(T, pn) = oBr(F),
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where ,, Br(F) denotes the subgroup killed by n in the Brauer group Br(F). Since
the action of I" on s is trivial, we also have

HY(T, t2) = Hom(T, {£1}).

For any a € F*, let ¢o: I' — {£1} be the (continuous) homomorphism cor-
responding to o - F** under the identification: F* /F x2 = Hom(T', {£1}); it is
explicitly defined by:

+1 if v leaves invariant
¢a( ) = { 7

. the square roots of a in Fj.
—1 if 4 permutes

We then define a I'-module Z(a) by twisting the trivial action of I on Z: for
vy €T and z € Z, we let v 2 = ¢o(7)z. Multiplication in Z yields a canonical
isomorphism:

Z(a)®z Z(B)=Z(aB)  for a,B € F*,

since ¢o(7)Ps(7) = dap(y) for all y € T
For any I'-module M, we define a twisted module M (a) by:

M(a) =M ®z Z().
The Galois cohomology groups H¢(T', M) are also denoted H*(F, M).

PropPosITION 21: Let K = F(y/a) be a quadratic field extension of F. For
all £ > 1 and all I'-modules M on which multiplication by 2 is invertible, the

following sequence is split exact:
0 — HYF,M(a)) ==~ H (K, M) -2+ HY(F,M) — 0

where res (resp. cor) is the restriction (resp. the corestriction) map. The restric-
tion map  identifies = HY(F,M(a)) with the  subgroup  of
HY(K, M) consisting of the classes of cocycles which are cohomologous to the
negative of their conjugate under the action of Gal(K/F):

HYF,M(a)) = {p € HY(K,M): p + % = 0}.

Proof: From the definition of M(a), it is clear that M = M (a) as modules over
Gal(F;/K). Let G = Gal(K/F) = {1,:} and let IG = Z - (1 — ¢) denote the
augmentation ideal in the group ring ZG. Denote by ¥ the augmentation map:

¥.2G—17Z
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and define I'-module homomorphisms s: Z — ZG and t: ZG — IG by:
s(z) = z(1+4), tx)=1-v)x forz€eZ, zeZG.

These maps fit into a commutative diagram:

0 IG+—t—72G -7 0
[ .
0 - IG - 7G -2+ 7 >0

Observe that IG ~ Z(a); therefore, tensoring the diagram above with M, we get
the following commutative diagram:

0 +— M(a) ~t— M@z ZG ~*— M

Fod

M(a) —+ M ®z2ZG —=2+ M —— 0

and since muitiplication by 2 is invertible on M, it follows that the sequence
0— M(a) > M®z2G =M —0
is split exact. It yields a split exact sequence in cohomology:
0 — HY(F, M(a)) =+ HY(F, M ® ZG) —=~ H'(F, M) — 0.
By the lemma of Eckmann-Faddeev—Shapiro, there is an isomorphism
v: H{(F,M ® ZG) 5 HY(K, M)

such that X, = coro and % o i, = res. This proves the first part.

Let res’': HYF,M) — H*(K,M) denote the restriction map. For ¢ €
HY(K, M), we have:
(10) res’ ocor(p) = o + @,
hence ¢ + % = 0 if cor(p) = 0. Conversely, applying cor to both sides of (10), we
get:

2 cor(yp) = cor(p + ),

since corores’ = 2. Since multiplication by 2 is invertible on M, it follows that
cor(y) = 0 if ¢ + P = 0. Therefore, the image of H*(F, M(a)) in H*(K, M) can
be indifferently described as the kernel of the corestriction map or as the kernel

of the map ¢ — 0 + @. |
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Remark: If multiplication by 2 is not invertible on M, the restriction and
corestriction maps fit into a long exact sequence described by Arason and El-
man in {3, Appendix].

We shall apply this proposition to the special cases where M = Z/nZ (n odd)
with trivial action and M = p, = {z € F,: " = 1} (assuming n odd and
relatively prime to the characteristic of F'). We first review how, for an arbitrary
finite group G, the first cohomology set H*(F,G), where the Galois action on G is
trivial, is related to Galois extensions of F' with Galois group G. We recall that,
in this case,

HY(F,G) = Hom(T', G)/ ~,

where Hom(T', G) is the set of continuous homomorphisms I' — G and x' ~ x if
x'(7) = gx(v)g~! for some g € G. In particular we have H!(F,G) = Hom(T, G)
if G is abelian.

Let L be a finite-dimensional commutative algebra over F' and let
X(L) = Algp(L, Fy)

denote the set of F-algebra homomorphisms L — F,. Let G be an arbitrary
finite group acting on L by F-algebra automorphisms £ + g+ £. We call L a
Galois G-algebra if L is étale of dimension n = |G| over F and the action of G
on X (L) is simply transitive.

Now, assume L is a Galois G-algebra and fix some £ € X(L). For every y € T,
there is a unique x¢(7) € G such that

Y(E(€)) = E(xe(y) x€)  forallf e L.

The map x¢: I' — G is a continuous homomorphism:
x¢ € Hom(T, G).

If L, L' are Galois G-algebras over F and ¢ € X (L), ¢’ € X(L'), an isomorphism
¥: (L, &) S (L',¢') is an isomorphism of algebras over F' which commutes with
the action of G and such that ¢’ o 9 = {. An isomorphism of Galois G-algebras

¥: L 5 L' is an isomorphism of algebras over F' which commutes with the action

of G.
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PROPOSITION 22: The map (L,§) — x¢ defines a 1-1 correspondence be-
tween the set of isomorphism classes of couples (L,&), where L is a Galois G-
algebra and £ € X(L), and the set Hom(T',G). Moreover, L — x¢ induces a 1-1

correspondence between the set of isomorphism classes of Galois G-algebras and
the set H'(F,G).

Proof: This proposition is presumably well-known (see for example [17]), but
we include a sketch of proof for the reader’s convenience. For x € Hom(T', G}, we
define an action of I" on the algebra (G, F;) of maps G — F by:

(vo @)y =~(f(x(v)"'z)) foryel, zeg.

Let §, denote the algebra of invariant elements under this action:

3X = {f g—’Fs’Y(f(x)) :f(X(V)x) foryel, z € g}

This algebra carries a natural G-action defined by:
(9% f)(z) = flzg) forz,geg, fe3y
Moreover, for g € G, there is an F-algebra homomorphism
€g: &y — I

defined by:
eg(f)=flg)  for [ €3Fy,

and X (Fy) = {e4: g € G}. It is then straightforward to check that ¥, is a Galois
G-algebra, and that x., = x.

For any Galois G-algebra L and any £ € X (L), there exists a unique isomor-
phism (L, £) = (Fye,€1): this isomorphism maps £ € L to fe € §y defined by:

fe(g) = &(g* ) for g € G.

Let now &, € X(L). By definition of Galois algebra, there is a unique element
g € G such that n(f) = &(g+{) for all £ € L. Then, foryeT and £ € L,

y(n(0)) = v(€(g * ) = E(xe (Vg * &) = E(g * (g7 xe (Vg * D)),

hence

Xn(7) = g7 xe()g.



Vol. 96, 1996 TRACE FORMS 327

This implies the last claim of Proposition 22. |

We now consider the particular case where G is dihedral: let D,, be the group
generated by two elements r, s subject to the relations:

r" =1, =1 and rsr = s,

and let Z, denote the cyclic (normal) subgroup of D,, generated by r. The group
D,, is the semidirect product D,, = 2, X py and we have a split exact sequence

(11) 1— 2, — Dy Lo g — 1.
PRrROPOSITION 23: Let L be a Galois D,,-algebra over F' and let
Lo={fe Lir«l=1{}, Li={eL:sxf=1{(}.

Then Ly ~ F(\/a) for some a € F*. For all £ € X(L), the homomorphism
poxe € Hom(T', p2) corresponds to o F** under the identification Hom(T, o) =
HY(F,ps) = FX/Fx2. Moreover, if n is odd, a - F** is the discriminant of
L/F, so that the map H*(F,D,) — H(F, i3), induced in cohomology by p,
associates to L the discriminant of L. The discriminant of L /F is 1 if n = 1
mod 4 and o - F*? ifn = 3 mod 4.

Proof: The first statement is clear, since Galois theory shows Ly is a quadratic
étale algebra over F. Since the action of Z,, on Ly is trivial, the action of D,

factors through uo: we may set
plg)*xl=gx¢ for g € D,, and ¢ € Ly.
For all £ € X(L), we then have
v(€(0) =&(poxe(v)*€)  foryeT and £ € Ly,

proving that poxe € H!(F, uz) is the homomorphism corresponding to the Galois
ueo-algebra Lo/ F.

For the rest of the proof, assume n is odd. The discriminant of L;/F is
represented by the determinant

det(try, /r(eie;))1<ij<ns

where (e;)1<i<n is a basis of Ly over F. Since, for £ € L,

try, /p(f) = Z{(ri x£),
i=1
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we have
(trp, /r(eies))1<ijon = mt - m
where
m= (f(ri * ej))lgi,jgn-
Therefore, if § = detm € £(L), the discriminant of L;/F is represented in
F*/F*? by 62. For v € T, we have

v(81) = E(det(xe (V) * €j)1<ij<n) = E(det(xe (7)r's * €5)1<i,j<n)-
If x¢(v) € Z,, multiplication by x¢(7) is an even permutation of Z,, hence
det(xe(V)7" * €j)1<i,i<n = det(r' * €)1 j<ns

and therefore y(61) = 61. If x¢(v) € Zn, the map 2z — x¢(7)zs is a permutation
of Z,, of signature (—1)(*~1)/2 hence

160 = (1) V%,

Therefore, if n = 1 mod 4 we have §; € F, hence the discriminant of L;/F is
trivial. If n = 3 mod 4, we have

7(61) = poxe(v) b1,
hence the discriminant of L;/F corresponds to p o x¢ € H(F, ug), hence it is
a- FX2,
The discriminant of L/F is calculated in a similar way: multiplication by

g € D,, defines on D,, a permutation of signature p(g), hence the discriminant of
L/F corresponds to po x¢ € H(F, pi2). (]

Suppose now K = F(\/a) is a quadratic field extension of F' contained in Fj.
We denote by 'y the Galois group T'x = Gal(F/K) of Fs over K.

PROPOSITION 24: Suppose n is odd. The group H(F, Z,(a)) classifies the
Galois Z,-algebras L over K which can be endowed with a Galois D,-algebra
structure over F' extending the action of Z,.

Proof: Let o0 € I' \ I'k. Proposition 21 shows that
HY(F, Zn(0)) = {x € H'(K, Z,): xXx = 1}
= {x € Hom(T'g, Z,): XX = 1},
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where ¥ is defined by:

x(7) = x(oyo™h) for y € I'g.

Let L be a Galois Z,,-algebra over K which also has a Galois D,,-algebra structure
over F extending the action of Z,. Let £ € X(L). We may assume £ is a K-
algebra homomorphism; the restriction to ' of the associated homomorphism
xe: I — D, is then the element x¢|r, € H(K, Z,) associated to L, viewed as
a Galois Z,-algebra over K.

If x¢(0) € Z,, then p maps the image of x¢ to 1 € pa, hence Proposition 23
shows that the subalgebra L of invariant elements under r splits as F' x F'. This

is a contradiction since Lo = K. Therefore, x¢(c) € Z,, hence, for v € Tk,

Xelri (07071) = xe(@)xe()xe(0) ™ = xelr (1)

This shows that x¢|r, Xe|r, = 1, hence x¢[r, € HY(F, Za(a)).
Conversely, to every x € H1(F, Z,(a)) we associate the Galois Z,-algebra over
K:
8x ={f € 8(2n, Fo): 7(f(2)) = f(x(v)z) for all z € Z,.}.

Since x¥ = 1, we may extend the Z,-action on §, to an action of D, by letting:

(s * f)(x) = o(f(z™1)) for f € Fy, z € Zn. ]

Remark: Another proof of the proposition above can be obtained by defining a
twisted action of I' on D, extending the action on Z,,. There is an exact sequence
corresponding to (11):

1— Z,(0) — Dp(a) — pz — 1,
and the associated cohomology sequence:
1— H(F, Zn(a)) — H'(F, Dn()) — H'(F, i)

yields an alternative (equivalent) description of H*(F, Z,(a)).

As observed in the proof, all Galois Z,-algebras L over K which can be en-
dowed with a Galois Dy-algebra structure over F extending the Z,-action have
discriminant - F*2. It is also clear from the proof that the D,-algebra structure

on L is not uniquely determined, since it depends on the choice of . However,
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the subalgebra L; of invariant elements under the element s of D,, does not de-
pend on the choice of the D, -algebra structure up to F-isomorphism. Therefore,
for x € H'(F, Z,.(a)), we may denote by F, an F-algebra which is isomorphic
to the subalgebra of s-invariant elements in the algebra L corresponding to x
under the correspondence of Proposition 24. According to Proposition 23, the
discriminant of F} is 1 if n =1 mod 4 and o - F*?if n = 3 mod 4.

Any x € HY(F, Z,) defines a Galois Z,-algebra over F which we will also
denote by F,. The discriminant of this extension is 1.

We now turn to the Galois module p,, of n-th roots of unity, assuming that n

is relatively prime to the characteristic of F. As above, we denote
Hn(a) = ln Oz Z(O().

PROPOSITION 25: Let K = F( /&) be a quadratic field extension of F. For any

odd integer n relatively prime to the characteristic of F,
HY(F, pn(a)) = {z-K*™ € K*/K*": 27 = 1}

and H?(F, p,(a)) classifies up to Brauer-equivalence central simple K-algebras
of exponent n which admit involutions of the second kind leaving F' elementwise

invariant.
Proof: Applying Proposition 21 with M = u,, and ¢ = 1 yields:
HY(F, pin(a)) = {z- K*® € K*/K*™: 27 € F*"}.
If x € K* is such that T = A™ with A € F'*, then
t' = z(A D/ 2 1yn

represents the same element of K* /K *™ and satisfies: 'z’ = 1. This proves the
first claim.
For ¢ = 2, Proposition 21 yields a split exact sequence:

1— H%(F, pn(a)) — »Br(K) —<%» ,Br(F) — 1.

The proposition follows, since by the theorem of Albert-Riehm-Scharlau [16]
a central simple K-algebra admits an involution of the second kind leaving F

elementwise invariant if and only if its corestriction is trivial. 1
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For a € K* with a@ = 1, we denote the class of ¢ in H'(F, u,(a)) by [a]
and we define a commutative étale F-algebra F, of dimension n as follows: on
the K-algebra K(y) where y is an indeterminate subject to y™ = a, define an
F-automorphism 6 extending ~ on K by letting 6(y) = y~1. Then F, is the F-
subalgebra K (y)? of invariant elements under 4. It is easily seen that F, ~ F
if [a] = [a'] € H(F, un(a)). For [a] € H(F,p,) = FX/F*", a € FX, we also
denote by F, the F-algebra F(y) where y™ = a.

We now relate by cup-product the special cases Z, and p, considered above.
There is a canonical isomorphism: Z, ®z fn = i defined by: 7 @ ¢ — (.
Therefore, for 6;,62 € F*,

Zn(él) Rz ,un(62) =2Z,® Hn ® Z((Sl) R Z(52) = /l'n(6162)-
Thus the cup-product defines a map:
HYF, 2,(61)) x HY(F, ptn(62)) —> H*(F, 1 (6162))-

PROPOSITION 26: Let K = F(\/a) be a quadratic field extension of F and let
61,82 € F* be such that 6,62 = a mod F*® Lety € HY(F,Z,(6,)) and a €
F(\/83)* such that np( /az),r(a) = 1, with cohomology class [a] € H'(F, p1n(82))-
There exists a central simple K -algebra B(x,a) of degree n such that
(1) [B(x, @)l = x U la] € H*(F, pn());
(2) B(x,a) admits an involution o of the second kind such that (B(x,a), o)+
contains subalgebras isomorphic to F,, and to F,.

Proof: We first consider the special cases where 6, € F x2 or by € FX? If
6, € F** we have xy € H'(F, Z,) and [a] € H!(F, un(c)) with a € K* such
that a@ = 1. The algebra F}, is a Galois Z,-algebra over F'. The central simple
algebra B(x, a) is the crossed product:

n—1
B(x,0) = B (Fy &r K)7,
i=0
where the indeterminate z is subject to the relations:.
z(l®k) = [(r«l)®klz forle F, ke K, and 2" =a.
An involution of the second kind ¢ on B(y,a) is defined by:

o(®k) = Lok forfeF, ke K, and o(z)=2z"1.
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Clearly, (B, o)+ contains F, and the subalgebra F, C K(z).

If 6, € F** then x € H'(F,Z,(a)) and a € F*, [a] € HY(F, 1,). Let L be a
Galois Z,-algebra over K corresponding to x. According to Proposition 24, we
may also choose a Galois D,-algebra structure on L, viewed as an algebra over
F. The algebra B(x,a) is the crossed product:

n—1
B(x,a) = @ L7
i=0
where the indeterminate z is subject to the relations:
2 = (rxf)z forfeL, and 2" =a.
An involution of the second kind ¢ on B(x,a) is defined by:
o(f) = sxf forfe L, and o(z)=z

By definition, it is clear that F, = F(z) C (B,0)+ and that the subalgebra
L, C L of invariant elements under s, which is isomorphic to F,, lies in (B, o).

Suppose now 6,8, ¢ F*X>. Let F' = F(v/&) and K’ = K(v/8;). Let L be
a Galois Z,,-algebra over F' which corresponds to x € H(F, Z,(61)); according
to Proposition 24, we may endow it with a Galois D,,-algebra structure over F.
Since 8165 = a mod F**, we may identify F'(1/8;) with a subfield of K’. Consider

the following crossed product algebra over K’:

n—1
B' =P er k)7
1=0
where z is subject to:
2(0@k) = [(r«f)®k]z forfeL, ke K and 2" =a.

This algebra represents the restriction res(x U [a]) € H(F’, pn(a)). We define

an involution ¢’ on B’ by:
o/ lQk) = (sxf)®k forleL, ke K, and o'(z) = 2.
On the other hand, we define a K-algebra automorphism 6 on B’ by:

0lRk) = (sxf)@k forl€ L, ke K, and 6(2) =z"".
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The restriction of 6 to the center K’ is the non-trivial automorphism over K,
and §% = I; therefore, the subalgebra B = B’ % of invariant elements under 9 is a
central simple K-algebra such that

B'=B®K K.

Since the restriction map res: H2(F, p,(a)) — H2(F', un(c)) is injective (since
n is odd), it follows that B represents the cup product x U[a] € H2(F, un(a))
and we define B(x,a) = B. Moreover, # and ¢’ commute, hence the restriction
of ¢/ to B(x,a) defines an involution ¢ of the second kind. The subalgebra L,
of L elementwise invariant under s and the subalgebra K’(z)? invariant under 8
both lie in (B(x,a),o)+; the involution ¢ thus satisfies the required properties,
since Ly ~ F, and K'(2)? ~ F,. ]

PROPOSITION 27: Let B be a central simple K -algebra of degree n (odd) which
admits involutions of the second kind leaving F elementwise invariant, and let
§ € FX. If B contains a subfield isomorphic to F, for some x € H(F, Z,(6)),
then B ~ B(x,a) for some a € F(v/a6)* such that "F(M)/F(G) =1.

Proof: Suppose first 6 € F**. Then F, ® K is a maximal subfield of B which
is cyclic over K, hence B is a cyclic algebra:

(12) [B) = resi/r(x) U [8) € HX(K, )

for some b € K* (so that [b] € H!(K, i), where [B] denotes the image of B
in H%(K,u,). Since B admits involutions of the second kind over F', we have
corgp(B) = 0; therefore,

(13) X Ucorg/p(B]) =0 in H*(F, ).
Since n is odd, we may find m € Z such that 2m = 1 mod n. Then
b=b6"" = (b5 ) "ng/p(B)™ mod K"
therefore, letting a = (bB_l)m, we have [a] € H(F, pi,(a)) and
[b] = [a] + m resgpocorgp((b]) in H'(K, pn).
Substituting in equation (12), we get:

[B] = resg/r(x) U [a] + m resg, p(x U corg/r((0])),
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hence B ~ B(x,a), in view of (13). Suppose next § ¢ F*? and let F’ = F (V).
Since 6 € F” Xz, the case already considered yields:

[B® F'] = respr/r(x) U [d']

for some [a'] € HY(F’, un(aé)). Applying the corestriction map to both sides of
this equation, we get by the projection formula:

2[B] = x Ucorpr/p([a]).

Therefore, if 2m = 1 mod n,

[B] = m x Ucorpp([a’]),
hence B =~ B(x, a) for [a] = m corp//p([a']) € HY(F, pin(0d)). 1

In a different direction, we have the following result on the Galois cohomology

of the twisted modules p,(a):

PROPOSITION 28: Let 61,8, € F*. In H%(F, u®%(6,63)), we have:
Hl(Fa /1'71(51)) U Hl(Fa ”n(52)) C Hl(Fv :un) u Hl(F’ /"‘n(6162))
(where the left-hand side is

{zUy:z € HY(F, pn(81)), y € H'(F, 1n(62))})-
Proof: Assume first that 61, 8,,8,82 ¢ F*2. For i = 1,2, let F; = F(\/&;) C F,
and let a; € F* be such that ng,/p(a;) = 1, so that [a;] € HY(F, pa(6:)). If
a; € F*" then [a;] = 0, hence [a1]U[as] = 0 € HY(F, ) U HY(F, p1,.(6162)). For

the rest of the proof, we may thus assume a; # +1 for i = 1,2. Let

a; —1 as+1

= FX d = EFX,
U a1+1€ 1 and v P 5
so that
1+u v+1
a; = and ap = .
1—u v-—1

Since np, p(ai) = 1, it follows that u and v have trace zero. Therefore, u?,v* €

F* and uv™! € F(/8,82)%. Let
1-v?

b= ;=7  F*" € H'(F.u)
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and
14 ww!

1—uv-?

€] F (\/5152)” € HY(F, un(6165))-

We claim that
[a] Ulas] = BlU[e] in B*(F,u$?(6:65)).

Let M = F(y/81,v/62) C F;. Since the degree of the extension M/F is relatively
prime to n, the restriction map

reSm/F: HQ(F, M§2(5152)) - H2(Ma H§2(5152)) = H2(M, H§2)

is injective; therefore, it suffices to prove the claim over M. The identity
1+u v+1] _ [1-2® 14+up!?
1—vw'v—1f |1-u21-wuv!

holds for symbols {a, b} in Milnor’s Kj; a proof is given in the following Lemma

29. Applying the norm residue homomorphism KoM — H?(M, u2?) to both
sides, we get

[a] Ula] = Bl [e] in H2(M, p3?) = H*(M, n$*(6:82)),

completing the proof in the case where 81, 85,6102 & Fx2 1 6y or 69 € FXZ, the
proposition is obvious. If §;62 € F X2, we may use the same arguments as above,
substituting F' for F(/616;), except if u = fv. In this case however, we have
a; = —af?l, hence [a;] = [ag]*! and therefore [a;] U [as] = 0. |

LEMMA 29: For u,v # +1 € F*,u # %v, the relation
1+u.v+1 _ 1—1}2'1-f-uv‘1
1-v'v—1) |1-u?2"1-—uv-?

Proof: We have {1 —u;1+uv™'}+ {1 —u;v} = {1 — u;u +v}. On the other
hand the basic relation {a;b} = {a;b— a} + {a — b;0} in K, (see for example
[9, p. 75]) implies that

holds in Ko F'.

{1-wu+v}={1-uyl+v}-{~u—v;140}
={l-wl4+v}+{l1+v;—u—v}
Subtracting 0 = {1 + v; —v} we get

{1—u;1+uv‘1}—{1+v;1+uv“1}={1—u;1+v}—{1—u;v}.
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Replacing u, v by *u, £v, we get four expressions which add to the wanted rela-
tion. Another proof is to check the formula in the function field F'(u,v) by using
the exact sequence of Milnor for K F(t) (see [10]) to show that

I+u v+1 1-v* 1+w!
l1—uw'v-1 1—u2’1—wuv-!

lies in KoF(u), KoF and then to show that it is 0 by specialization at some

places. |

Remark: The Galois module p,, plays a special role in the preceding proposition.
Suppose that 87, 62, €1, €9 € F* are such that

u"(él) & Nn(62) = ﬂn(sl) ® Un(52)’

and that the sets {un(61), #n(62)} and {un(e1), pn(ez2)} are disjoint (up to iso-
morphism). If u,(e1) and p,(e2) are different from .., then there is an extension
F of F such that

HY(F, i (61)) U HY(F, 51 (62)) & H'(F, p(€1)) U HY(F, pin(e2))-

Indeed, after a biquadratic extension of F' we may assume that 61,8, € F x2 Let
then F be the iterated powerseries extension F((s))((t)). Then

s- FXM Ut FX" e HY(F, pn) U HY(F, i)
has non-trivial residue. On the other hand,
O(HY(F, pn(e)) C HY(F, Z,(e)) = 0

for nontrivial €, hence s - FX™ U t - FX™ cannot be a sum of cup-products of
elements of HY(F, jin(e1)) and HY(F, pn(e2)).

COROLLARY 30: Let n be an odd integer and let F' be a field of characteristic
relatively prime to n. Assume that p, = Z,(¢) for some ¢ € F*; then every
central simple F-algebra split by a Galois extension of degree 2n with dihedral
Galois group is cyclic.

Proof: Let A be a central simple F-algebra split by a Galois extension L/F
with dihedral Galois group of order 2n. The index of A then divides 2n. Since n
is odd, we may decompose the Brauer class of A:

[A] = o1 + a2
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where a; has index 1 or 2 and as has index dividing n. The element o is split
by a cyclic extension C;/F of degree 1 or 2. If we show that 2[A] is split by a
cyclic extension Cy/F of degree dividing n, then s is also split by Cs, hence A is
split by the cyclic extension C; ® Cy/F. Therefore, it suffices to show that A®?2
is cyclic. Let § € F* be a representative of the discriminant of L. Proposition 23
shows that L is a cyclic extension of F(v/§). Choosing a Galois Z,-algebra
structure of L over F(v/6), we may associate to L an element xy € H(F, Z,(6))
by Proposition 24. Since A ® F(v/6) is split by L, we have

(4 ®F F(VO) =155, 00 Ula] in HXF(VE), i)

for some [a] € HY(F(V8), in) = H (F(V8), 1n(8)). Taking the corestriction of
both sides, we get
(14) 2[A] = xU[d] in H(F, ),

where [a'] = corp 5/ p(la]) € HY(F, un(8)). Since pi, = Z,(e), we have Z,,(8) =
n(€6), hence relation (14) yields:

2[A] € HY(F, pn(6)) U H'(F, pn(6)).
From Proposition 28, it follows that
2[A] = BlU[d]

for some [b] € H'(F, u,) and some [c] € H'(F, p,(c)) = HY(F, Z,). The element
[c] then defines a cyclic extension of F' which splits A®2. [ |

We conclude by discussing the special features of the case where n = 3
(assuming that the characteristic of F is not 2 nor 3). Every cubic field ex-
tension L of F' is of the form F, and also of the form F,: more precisely, if the
discriminant of L/ F is represented by a € F'*, then the field L& F(\/a) is cyclic
over F(y/a), hence L = F, for any x € H'(F, Z3(a)) representing L ®p F(\/a).
Since puz = Z3(—3), we may also view L = F, for [a] = x € H(F, u3(—3a)).

PROPOSITION 31: Let K = F(y/a) be a quadratic field extension of F and let
B be a central division K-algebra of degree 3 which admits involutions of the
second kind leaving F' elementwise invariant. Let also L be a cubic field extension
of F with discriminant 6 and let x € H*(F, Z3(8)) be such that L = F,. The
algebra B contains an isomorphic image of L if and only if B ~ B(x,a) (i.e.
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[B] = xU[a] in H*(F, u3(a))) for some [a] € H'(F, u3(ad)). The algebra B then
contains a cubic field extension L' = F, of discriminant —3aé$. Moreover, there
exists an involution o such that L, L' C (B,c).

The algebra B always contains cubic field extensions L., L of discriminant

—3, a respectively, and carries an involution o, such that L,, L', C (B,0.),.

Proof: The first part follows from Propositions 26 and 27. In order to prove
that B always contains extensions L,, L) as stated, we use Proposition 28: let
L be any cubic field extension of F' contained in B; then, letting § € F* denote

a representative of the discriminant of L/F, we have
B =~ B(xa)

for some x € H(F, Z5(6)) and some [a] € H(F,u3(ad)). Since Z3(6) =
wa(—36), it follows that

[B] € H(F, p3(—36)) U H'(F, p3(ab)),

hence Proposition 28 shows that B ~ B(x.,a.) for some x. € HY(F,u3) =
HY(F, 23(—3)) and some [a.] € H'(F, u3(—3a)) = HY(F, Z3(a)). We then let
L.=F,_andL,=F,. &

Note that, according to condition (e) of Theorem 16, the involution o, is
distinguished; the proposition above thus yields another proof of the existence of
distinguished involutions.

Note also that the pair (—3, a) is the only pair of discriminants that occurs for
every central division F(y/a)-algebra of degree 3 which admits involutions of the
second kind: given a pair (e1,e2) with £1¢5 € (=3a) - F "2, the remark following
Proposition 25 together with Proposition 27 shows that there is an algebra B
over some extension of F' which does not contain any cubic separable extension
of discriminant ¢y or 5. For example, there are algebras B which do not contain
a cyclic cubic fleld extension, i.e. a cubic field extension of discriminant 1, as
already observed in the example at the end of section 4.

Since 3-fold Pfister forms are classified up to isometry by their Arason invariant:

Ar({a,b,c)) = (a- F**) U (b- F**) U (c- F*?) € H3(F, us)

(see [5]), Theorem 15 (together with Proposition 25) yields a classification of
central simple algebras of degree 3 with involution by cohomological invariants:
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COROLLARY 32: Triples (K, B,o) where K = F(y/a) is a quadratic étale F-
algebra, B is a central simple K -algebra of degree 3 and o is an involution of the
second kind on B leaving F' elementwise invariant, are classified over F' by the
three cohomological invariants:

fi(K,B,o)=a-F** e HY(F, 1),
92(Kvaa) = [B] € Hz(F’ “3(0‘))7
f3(K,B,0) = Ar(n(B,a)) € H3(F, pa).

Proof: Indeed we have seen that f; determines K, g; determines B and f3
determines the involution o. 1

Remark: Let Ko/Fy be a separable quadratic field extension and let By be a
central division Kg-algebra of degree 3 which admits an involution of the second
kind. Let F = Fy((t)), K = Ko{(t)) and B = By((t)). Let ¢ be any involution
on B, not necessarily defined over By. We claim that the second residue ! (Q,)
is always trivial, i.e. @, is induced from Fy. A cubic étale F-subalgebra L of
B is either unramified or totally ramified, i.e. L = F[X]/(X3 — ut) for u € Fy’.
Thus in both cases the discriminant of L is a class defined over F;. On the
other hand, an element A € L such that ny,r(A) is a square in F> must be a
unit in Fp[[t]]. This, together with Proposition 11, implies that ¢*(Q,) = 0. It
follows that the invariant f3(B, o) cannot in general be arbitrary. In particular
the three invariants f;, g2 and f3 are not independent. A corresponding question
for invariants of exceptional Jordan algebras is discussed in [18].
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